THREE SPHERES THEOREM FOR p-HARMONIC FUNCTIONS 



VLADIMIR M. MIKLYUKOV, ANTTI RASILA AND MATTI VUORINEN 

Abstract. Three spheres theorem type result is proved for the p-harmonic func- 
tions defined on the complement of fc-balls in the Euclidean n-dimensional space. 



I. Introduction 

A classical theorem by J. Hadamard gives the following relation between the max- 
imum absolute values of an analytic function on three concentric circles. 

1.1. Theorem. Let R± < r\ < r 2 < r 3 < R 2 and let f be an analytic function in 
the annulus {z G C : R\ < \z\ < R 2 }- Denote the maximum of \f{z)\ on the circle 
\z\ = r by M(r). Then 

M(r 2 ) log(r3/ri) < M(ri) log{r ' 3/r2) M(r 3 ) log(r2/ri) . 

This result, known as the three circles theorem, was given by Hadamard without 
proof in 1896 [3]. For a discussion of the history of this result, see e.g. [8] and [3 pp. 
323-325]. It is a natural question, what results of this type can be proved for other 
classes of functions. For example, a version of Hadamard's theorem can be proved 
for subharmonic functions in MJ 1 , n > 2, see [TJ pp. 128-131]. 

Some generalizations of the three circles theorem will be studied here. For the 
formulation of our main result, Theorem 12. 1^ we recall some standard notation and 
definitions from the book jl]. We will consider solutions v. Q — y R of the p-Laplace 
equation 

(1.2) div(\Vv\ p - 2 Vv) = 0, l<p<oo, 

on an open set fi C 1" in the sense that will be described shortly. When p = 2 
equation (II. 2p reduces to the Laplace equation Am = 0, whose solutions, harmonic 
functions, are studied in the classical potential theory. When p ^ 2 equation (II. 2p 
is nonlinear and degenerates at the zeros of the gradient of v. It follows that the 
solutions, p-harmonic functions, need not be in C 2 (Q) and the equation must be 
understood in the weak sense. A weak solution of (ll.2p is a function v in the Sobolev 
space Wfoc(Q) such that 

(1.3) [ (\Vv\ p - 2 Vv, Vif)dm = 

Jn 

for all (p e Co°(n), where (-, •) denotes the scalar product of vectors in MJ 1 , and m is 
the Lebesgue measure in W 1 . 
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Figure 1. 1-annulus D a ^ in R 2 (left) and 2-annulus D a% p in R 3 (right). 

It is easy to see that for all ip G C£°(f2) and v G C 2 (f2), 

/ (|Vw| p ~ 2 Vt;, V<^)rfm = - / v?div(|Vw| p - 2 Vw)rfm 



dfe(x) < £} and E fc (t) = {i G I" : d fc (x) = t} — dB k (t), where d fc (a;) 



and, consequently, each C 2 -solution to ( II. 2p is a weak solution to (II. 2p . 

Fix an integer k, 1 < k < n and a real number £ > 0. The sets -Bfe(t) = {a; G R n : 

/ \ 1/2 

are respectively called fc-ball and fc-sphere in R n . For k = n the /c-ball B k (t) coincides 
with the standard Euclidean ball B n (t) and the fc-sphere £fc(t) is the Euclidean sphere 
S' n ~ 1 ()f:). In particular, the symbol S fc (0) below denotes the fc-sphere with the radius 
0, i.e. 

Sfc(0) = {x = (xi, . . . , x k , . . . , x n ) : xi = . . . = x k = 0}. 
Let 0<a</3<oobe fixed and let 

D a ,p = {x G R n : a < d k {x) < 0}. 

For k = 1 the set -D Qj/ 3 is the union of the two layers between two parallel hyperplanes. 
For 1 < k < n the boundary of the domain D a p consists of two coaxial cylindrical 
surfaces. 

Let v G C°(D r R ), and let M(r) = limsup z _ >Sfc( - r - ) v(z). Suppose that M(R) > 
M(r). Consider the function 

v(x) - M{r) 
Vr ' R{X ' ~ M{R)-M(r)' 
for r < R. Clearly, ]hnsxvp z __yx; k (r) v r,R{ z ) — an d hmsup z ^ Efe( - J? ) v^r{z) < 1. Let 

£M = [* sWMds, and «{*(*) = p^r. 
Jr €(r, R) 

Let u(x) = Uq' p (d k (x)) for x G -D r ,R- It is clear (see Lemma 1375]) that u is a C 2 - 
solution to ( II. 2p . We have 



H x )W k (r) = U ' 



= 0, u(x) 



1. 
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and 

(1.4) u(x) > v rjR (x) if x G Efc(r) or x G Efc(i£). 

2. Main results 

We will prove the following Hadamard type theorem for the p-harmonic functions 
defined on the complement of a fc-ball. We use the method of proof from [6]. 

2.1. Theorem. Let 1 < p < oo, R > r > and letv(x) G W^ p (D roo ) be a continuous 
weak solution of hl.2\) such that 



(2.2) / dt( [ \v r , R -u\ 2 (\Vv r>R \\ p - 2 \ + \Vu\\ p - 2 \)dH n -A =oo, 

where H n_1 is the (n — 1)- dimensional Hausdorff measure. Then for all t G (r, R), 

(2.3) M(t) < (M(R) - M(r))u ' p (t) + M(r). 

Note that for k = n (12.31) follows immediately from the comparison principle, see 
Hp. 133]. 

2.4. Corollary. Let 1 < p < oo, R > r > and let v(x) G W^ p (D r>oa ), be a 
continuous weak solution of hl.Sh) such that 

(2.5) lim 4 / \v rR -u\ 2 (\Vv rR \ lp - 2l + \Vu\ lp - 2l )dm = 0. 

S^co S 2 J Dr S ' 

Then for all t G (r, R) the inequality h2.3\) holds. 

2.6. Corollary. Let 1 < p < oo, R > r > and Zei v(x) G W^f (A-,oo) a 
continuous weak solution of hi. 2]) such that 

I \v r ,R ~ u\ 2 (\Vv r:R \ lp - 21 + \Vu\ lp ' 2l )dm < M < oo. 

Then for all t G (r, R) the inequality A2.3\) holds. 

For the formulation of a result of S. Granlund [2], Theorem 12 . 71 b elow . we introduce 
some notation and terminology. Let p > 1, Q C M. n be a bounded domain and let 
F: O x 1" R be such that the following conditions hold. 

(1) There are constants > a > such that for a.e. x £ Q 

a\z\ p < F{x,z) < P\z\ p . 

(2) For G Q the function z\-t F{x, z) is convex. 

(3) The function x h-> -F(x, Vm(x)) is measurable for all w G W 1,P (Q). 

Let 

I(u) = / F(x,Vu{x)) dm. 
Jn 

A function w G W 1,P (Q) is a subminimum in f2 if J(u) < J(w — 77) for all non-negative 
77 G W 1,p (fi). Let _ 

M(r) = esssupw(x), B (r) C fl 

The following Hadamard type theorem was proved by S. Granlund in [2J. 
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2.7. Theorem. Let u be a subminimum of 



I(u) — / F(x, Vu(x))dm, 
Jn 



r\ < r < T2, andTT" {r?) C f2. Then u is bounded from above, and there is a constant 

A = \(n,p,r/r 1 ,r 2 /r,a/(3), 

< A < 1 such that 

M(r) < AM(ri) + (1 - A)M(r 2 ). 
Since p-harmonic functions minimize (see e.g. jH p. 59]) the integral 



I(u) = / \Vu\ p dm 



Theorem 12.71 is related to Theorem 12.11 with k = n. 

3. Preliminaries 

We start by recalling some basic properties of the Sobolev spaces from [1] . Let Q 
be a nonempty open set in ~R n . 



en 



3.1. Lemma. [4, Theorem 1.24] Let u e Wq' p (Q) and v E W^ P (Q) be bounded. Th 
uvEWl' p (9). 

3.2. Lemma. [H Lemma 3.11] If v E W 1,P (Q) is a weak solution of U.S\) in Q, then 

[ (\Vv\ p - 2 Vv, V<p) dm = 
Jn 

for allipE Wo' p (Q). 



3.3. Theorem. [1, p. 99] Let f : IR n — >■ M be a locally Lipschitz mapping. Let £cl™ 
be an n-measurable set and g : E — > R be a nonnegative measurable function. Then 



(3.4) / g(x)\Vf(x)\d Xl ---dx r , 



f ( £ g(x)) dU n (y). 



E R ' xe f 

3.5. Lemma. Let 1 < p < oo, < r < dk{x) and fix an integer 1 < k < n. Then 



u(x) = sp- 1 ds 



is a solution of U.S\) . i. e. 

d 



E{^K[< + ---+<]^)} = °- 

i=i % 



Proof. We note that 



d . . . X; 
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and hence u Xi = Xid k (x)p- 1 . Then 



p-2 

2 



/ 2 2 \^ 7 I \— -ill I - 2(l-fc) o / \ ^ o\ 

Ux i {u Xl + ...+u Xk ) = Xid k {x)p-i \d k (x) p-i (2^ x i) 

l-fc ^ (l-fc)(p-2) _, 

= Xid k (x)p-^ d k (x) p- 1 =Xid k (x) . 



It follows that 

k 



i—l 1 8=1 i=l 



x)- k - 2 



= kd k (x)- k - kd k (x)- k - 2 (j2 x D =°- 

□ 

Next we will prove two lemmas which are used later in the proof of Theorem 12.11 
3.6. Lemma. Let a > b > 0, p > 1. Then 

(3.7) gl aP " 1 - 6P " 1 < aP " + 6P " 1 < C / P " 1 - y " 



a — b a + b a — b 

with some constants Ci, C 2 > 0. 

Proof. We examine the function 

. (x^ 1 + l)(x - I) 
91{X) = (sr-i -!)(*+!)' * > 

It is clear that 

(3.8) lim^i(x) = — -, lim ^i(x) = 1. 

x—t-l p — 1 x— >oo 

It is sufficient to find positive bounds for g\(x) for x > 1. We will prove that the 
bounds are in fact given by First we note that 

{p - 2){x p - 1) + p{x - x p ~ l ) < 0, forpe (1,2), 
(p-2)lx p -l)+p(x-x p - 1 ) = 0, forp = 2, 
(p-2)(x p -l)+p(x-x p ~ 1 ) > 0, forp>2, 



and 



Hence 



x-af~ 1 <0, forpe (1,2), 
a; — x p ~ 1 = 0, for p — 2, 
x — x p ~ x > 0, for p > 2. 

9l {x) G (l,l/(p-l)), forpe (1,2), 
gfi (x) = 1, for p = 2, 

gi {x) e (l/(p- 1),1), forp>2. 



□ 
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3.9. Lemma. Let a > b > 0. Then 

(3.10) C 3 (a p ~ 2 + b p ~ 2 ) < 7— < C 4 (a p ~ 2 + F' 2 ), 

a — b 

for p > 2, and 

(3.11) C 3 (a 2 - p + fo 2 ^)- 1 < 7— < C A (a 2 ~ p + fc 2 ^)" 1 , 

a — b 

forp G (1,2] w'i/i some constants C3, C4 > 0. 

Proof. The proof is similar to that of Lemma 13.61 First we study the function 

x p~ 1 — 1 
92 ^ = (x-1)(xp~ 2 + 1)' 

As in Lemma [376]. it is sufficient for (13.101) to find positive bounds for g 2 {x) for x > 0. 
We note that lim^i g?,{x) — {p — l)/2 and lim^^oo o 2 (x) = 1. We obtain 

(p - 3)(1 - x^ 1 ) + (p - l)x(l - x p ~ 3 ) < 0, for p G (1, 3), 
(p - 3)(1 - x p ~ l ) + (p - l)x{l - x p - 3 ) = 0, for p = 3, 
(p - 3)(1 - x^ 1 ) + (p - l)x(l - x p ~ 3 ) > 0, for p > 3, 



and 



It follows that 



;?;( 


'x p ~ 


3 _ 


j;( 


\x p - 


3 _ 


;r( 


'x p ~ 


3 _ 



1)<0, for pe (1,3), 
1) = 0, for p = 3, 
1) > 0, for p > 3. 



a 2 (x) G ((p-l)/2,l), for pe (1,3), 
o 2 (x) = 1, for p = 3, 

g 2 (x) G (l,(p-l)/2), forp>3. 

To prove ( J3.ll]) we study the function 

, , (xP- 1 - l)(x 2 - p + 1) 

93{x) = : • 

x — 1 

Now ]im. x ^.i g 3 (x) = 2(p — 1) and lirn^oo g 3 (x) = 1. Again, we have 

(-2p + 3)(x - 1) + (x^ 1 - x 2 - p ) < 0, for p G (1, 3/2), 
(-2p + 3)(x - 1) + (x^ 1 - x 2 ~ p ) = 0, for p = 3/2, 
(-2p + 3)(x - 1) + (x^ 1 - x 2 - p ) > 0, for p > 3/2, 



and 



and thus 



xP _i_ x 2- P<0) for p G (1,3/2), 

x p - 1 - x 2 - p = 0, for p = 3/2, 
x p-i _ X 2- P > Qj for p > 3 / 2) 

# 3 (x) G (2(p-l),l), for pG (1,3/2), 
o 3 (x) = 1, forp = 3/2, 

g 3 (x) G (l,2(p-l)), for p> 3/2. 

□ 
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4. Proof of Theorem 12.11 
Suppose the contrary, that is, there exists x G D rR such that 

(4.1) v(x Q ) > (M(R) - M(r))u(x ) + M(r), 

or 

Vt,r{xq) > u(x Q ). 

Fix some Eq > 0, for which 
Consider the set 

U = {x E D TjR : v T)R (x) - u(x) > e } ^ 0. 

Choose a component O of U such that Xq E O. It is clear that O D dD rR = 
and (iv,r(x) — u(x))\ao = 0. Fix Ei > E\ > and the balls Oi = B^xcSi), 
O2 = Bk(xo,£2)- Let (f(x) = T)(dk(x)) be a locally Lipschitz function with the 
properties: 



(4.2) 



<f = 1 for all x e Oi, 

if = for all x G -D r ^ \ 2 . 



Then the function if) = (v rtR (x) — u(x))(p 2 has a support supp-^ C 2 and by Lemma 

supp-?/; C fi. Since v rR and it are generalized 

solutions of fll.2p we have by Lemma | 



/ (W, \Vv r , R \ p - 2 Vv r , R - \Vu\ p ~ 2 Vu) dm 

J supp l/> 

= / (Vifj, I Vv rjR \ p - 2 Vv r , R ) dm - / (Vip,\Vu\ p - 2 Vu)dm = 0. 

J supp lb J supp lb 



' supp ^0 J supp ^ 

Next, we note that 

Vip = (p 2 {Vv r , R - Vu) + 2(p(v r>R - u)Vif. 

Thus, we may write 







I (Vip, \Vv r , R \ p - 2 Vv r>R - \Vu\ p - 2 Vu) dm 

J supp ip 

[ {Vip, \Vv r , R \ p - 2 Vv r , R - \Vu\ p - 2 Vu) dm 
Jono 2 

/ ip 2 (Vv riM - Vw, \Vv r:R \ p ~ 2 Vv r>R - \Vu\ P ~ 2 Vu) dm 

Jono 2 

+2 / tp{v rtR - u)(V(p, \Vv rtR \ p ~ 2 Vv r . tR - \Vu\ p ~ 2 Vu) dm 
Jono 2 
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or 

/ y? 2 (Vtv,i? - Vu, \Vv r , R \ p - 2 Vv r , R - |Vw| p ~ 2 Vw) dm 
Jono 2 

= -2 I ip(v r , R - u) (Vip, \Vv r , R \ p " 2 Vv r , R - \Vu\ p ~ 2 Vu) dm 
Jono 2 

or 



(4.3) 



/ <p 2 (Vv r , R - Vu, \Vv r , R \ p ~ 2 Vv r , R - \Vu\ p ~ 2 Vu) dm 
Jono 2 

<2 I \ V \\v rfi -u\\W V \\\Wv rA \ p - 2 Wv rfi -\Wu\ p - 2 Wu\dm. 
JonOo 



>Ono 2 
Let 

$(A) = \V(\v r , R + (1 - X)u)\ p - 2 V(Xv r , R + (1 - X)u 
for A G [0, 1], and note that 

$(0) = \Vu\ p ' 2 Vu and $(1) = | Vv r , R \ p - 2 Vv r , R . 

Now we write 

i 

(4.4) \Vv r:R \ p ' 2 Vv r , R - \Vu\ p - 2 Vu = $(1) - $(0) = J $'(A) dA 



i 



= J [(Vv r , R -Vu)\V(\v r , R +(l-\)u)\ p - 2 + (p-2)V(\v r , R + (l-\)u) 



• \V(Xv r , R + (1 - A)«) | p " 4 (Vu r , fl - V«, V(Au r>fl + (1 - A)«))] dA, 

and obtain 

(4.5) (Vt; r , R - Vu, I Vt; r ,fl| p - 2 V^, fl - | Vu\ p ' 2 Vu} 

i 

= \Vv r , R -Vu\ 2 J \V(\v r , R + (l-\)u)r 2 d\ 



1 

+ (p - 2) y \V(\v r , R + (1 - A)«) | p ~ 4 (Vt; r , R - Vu, V(Xv r , R + (1 - A)w)) 2 dA. 
o 

If p > 2 then 

(4.6) (Vt; r , R - Vu, |Vt; r , R r 2 Vt; r , R - |V«r 2 V M > 

> |Vu r , fl - Vw| 2 f \V(\v r:R + (1 - \)u)\ p ~ 2 d\. 
Jo 
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If p < 2, we have 

\Vv r , R - Vu\ 2 [ | V(Xv r>R + (1 - X)u) \ p ~ 2 d\ 
Jo 

+ (p-2) / |V(A^ + (l-A)u)| p ~ 4 (V^ r — Vu,V(\v r ,R + (1 — A)u)) 2 dX 
Jo 

>(p-l)\Vv r , R -Vu\ 2 [ |V(A^ + (1-A)m)| p_2 c/A. 

Jo 

This together with (14 .5p gives 

(4.7) (Vv r , R - Vu, \Vv r)R \ p - 2 Vv ri R - \Vu\ p - 2 Vu) 

> (p- l)\Vv r ,R- Vw| 2 / |V(Au r ,ji + (1 - \)u)\ p ~ 2 dX, l<p<2. 

Jo 

It follows from ( 14. 4 p that for every p > 1, 
(4.8) 

||V^ R J p - 2 Vv rii? ,-|VM| p - 2 VM| <C 5 |V^-Vw| / |V(Atv 5i? +(l-A)w)| p_2 dA, 

at every point where t> r ,i? has differential. Here C5 = 1 + [p — 2|. Setting 

J(p) = / |V(A^ + (l-A)n| p_2 dA 

and using (Q|l . (jj77D and (gSJ) we obtain 

(4.9) 



(p I(p)\Vv r ,R - Vu\ dm < C 6 / I(p)\(p\\v r>R -u\\V(p\\Vv r>R -Vu\dm, 
ono 2 Jono 2 

where C 6 = 2C 5 / min{l,p — 1}. 
We note that 

\V(Xv r , R + (1 - A)m)| 2 = A 2 \Vv r , R \ 2 + 2A(1 - X)(Vv r>R , V«) + (1 - A) 2 |Vu| 2 , 
and therefore 

(4.10) \X\\7v r , R \ - (1 - A) |Vm|| < |V(Au r ,ji+(l - A)u)| < \\Vv riR \ + (1 - A)|Vu| 

for an arbitrary A G [0,1]. Let p > 2. We suppose that |Vtv,i?| > |Vw|. Then by 
(SUDD, 

1 

p-2 



(4.11) I(p) < I (X(\Vv r , R \ - \Vu\) + \Vu\) p ~ z dX 

s p ~ 2 ds 



\VVr,R\ ~ |V«| 

|Vtt| 



1 \Vv r>R \ 


P-] 


- - |Vu| 


p-1 


p — 1 


Vt 




-|v«| 
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Next by (00]) . 



HP) > J \\\Vv rtR \-{l-\)\Vu\\ P 2 d\ 


1 



J |A(|Vv r ,ji| + |Vu|) - |Vw|| p 2 d\ 
o 

i 

y (A(|Vu r , fl | + |Vw|) - |V M |) p - 2 rfA 

s 

+ J (|Vu| - \(\Vv r , R \ + \Vu\)) p ~ 2 dX, 



where 
(4.12) 

By computing both of the last two integrals, we obtain 
(4.13) Hp) > 



\Vu\ 






+ |Vu| 



1 \^Vr,R\ 


p- 1 + \Vu\ 


p-i 


p-1 \Vv rtR \ 


+ \Vu\ 





Let 1 < p < 2. As above, we assume (Vtv,/?! > |V«|. Then by (I4.10p . 



i 



lip) < J \\\Vv,, R \-il-\)\Vu\\ 2 p d\ 



o 

i 



J |A(|Vtv,/j| + \Vu\) - |Vm|| 2 p d\ 
o 

J {\Vu\-Xi\Vv rA \ + \Vu\)) 2 - p d\ 





1 



+ J (A(|V^| + |V M |)-|Vm|) 2 p d\ 



where s is defined in f !4.12p . and hence 

(4.14) lip) < 
By dUH> , it follows that 

(4.15) lip) > 



1 |Vi> r ,fl| 


p- 1 + |Vw| 


P -i 


p-1 |Vv r , B | 


+ |Vu| 





1 |Vtv ijR | 




- - |Vw| 


p-i 


p-1 |Vf r ,fl| 


- |Vu| 
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Setting a = \Vv r n\ and b = \Vu\ in (13 ,7p . (I3.10p and (13. lip , we can obtain by 
flIT| . (glSD, dEl and (gI5D, for p > 2 

(4.16) C7 7 (iV^I^- 2 + |V M | p - 2 ) < J(p) < C 8 (|Vv riJl r 2 + |Vn|^ 2 ) , 



or 



(4.17) C7 7 (|V^| 2 - p + |Vn| 2 ^)^ < J(p) < C 8 {\Vv r>R \ 2 ^ + \Vu\ 2 ~ p ) , 

1 < p < 2, with some constants CV, C$ > 0. The case |Viv,r| < |Vw| is analogous. 
This may be written as 

(4.18) C7 9 (|V^|' p - 2 ' - |V M |' p - 2 ') < J(p) < C 10 (|V^|' p - 2 ' + |Vu|Ip- 2 I), 

where C 9 = min{C 7 , l/Cg} and C w = max{l/C 7 , C 8 }. 
Thus by (EHJ, (j£T5|l we find, 

(4.19) / ^ 2 |Vw r , fi - Vu\ 2 (\Vv r , R \^ + \Wu\\ p - 2 \)dm 
Jono 2 

< Cn / |^|Kv, fi -n||V^||V^-Vn|(|Vi; r , i? | |p - 2| + |V M | |p - 2| )rfm 

<C al f f \Vtp\ 2 \v r , R -u\ 2 (\Vv r J p - 2 \ + \Vu\^ 2 \)dm) ' 
\ Jono 2 J 

■ ( [ ¥> 2 \Vv r>R - Vm| 2 (|V^| Ip - 21 + \Vu\ lp - 2l )dm) 
\ Jono 2 J 



\ 1/2 



and 



/ <p 2 \Vv riR - Vm| 2 (|V^, r | Ip - 21 + \Vu\^)dm 
Jono 2 

< C 2 X [ \V<p\ 2 \v r , R -u\ 2 (\Vv r J p - 2 ^ + \Vu\^)dm. 
JonOo 



Remembering (14. 2p we have 

f \Vv r , R - Vm| 2 (|V^| Ip " 21 + \\7u\ lp - 2l )dm 
JonOi 

< C 2 U [ \V<p\ 2 \v r . R - u\ 2 (\Vv r , R \^ + \Vu\\ p - 2 \)dm. 

Because (p is constant on £&(£) and |Vdfe| = 1, we have by Theorem 13.31 



I _ \V<p\ 2 \v riR -u\ 2 (\Vv r J p - 2 \ + \Vu\^)dm 

J D r , R n(0 2 \Oi) 

< [ |V^| 2 |t; r , R -M| 2 (|V^| |p - 21 + |VM| |p - 2| )c/m 

J lx:ei <dk(x)<ei j 



2 7]' 2 H(t)dt, 



El 
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where 



(4.20) H(t)= [ \v r , R -u\ 2 (\\7v T , R \ lp - 21 + \Vu\ lp - 2l )dn n - 1 . 

By Holder's inequality 



/£2 / re2 \ !/ 2 / re2 \ V 2 

Tj'H^Hity^dt^^j v' 2 H(t)dtj H-\t)dt 



It follows that 



(4.21) ^ jf 2 H-\t)d?j < 2 rj' 2 H(t)dt, 

for all <£>(x) = r)(dk(x)) satisfying (14. 2p . 
We define a function 77 by the formula 

fj( s ) = ^ jf H-\t)dt^j (^JJ H-\t)dt^j . 

Now 77(61) = and 77(63) = 1- Because 

we have by (13~2Tj) 

^ jf 2 H-\t)d?J < inf jf 2 V ' 2 H{t)dt 

< J* r 1 ' 2 H(t)dt= (^J* H-\t)dt^j . 



Because 

£1 



H-\t)dt 

= I" dt( [ \v r>R - u\ 2 (\Vv r , R \ lp - 21 + iVu^-^dW 1 - 1 ) 00, 
as 62 — ^ 00, the claim follows. □ 

5. Proofs of the corollaries 
Proof of Corollary 12.41 Let 



(5.1) H{t)= [ Kji-u| a (|Vt; P> j l | |p - 2| + |V«| |p - 2| )tZH n - 1 . 

By Holder's inequality 

(5-r)'= = (jf'^l*)^ ([ H-\t)it){[ H(t) dt ). 
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Hence 

(5.2) (S - rf ( J H-\t)dt} 1 <(J* H(t)dt) . 

Now by (15.21) and Theorem 13.31 



dt\ J \v r ,R-u\ 
< 



|V^| |P ~ 2| + \Vu\\ p - 2 \)dU n - l ^j 



(S-r) 2 j Dr , s 



\V r ,R ~ U\ 



\Vv r , R \ lp - 21 + \Vu\ lp ~ 2l )dm ^ 0, 



as S — > oo, proving the claim. 
Proof of Corollary 12.61 Since 



□ 



/ \v r ,R ~ u\ 2 (\Vv r , R \ lp - 21 + \Vu\ lp - 2l )dm < M < oo, 

" D r-C >o 



we have for S > r, 



1 



S 2 



M 



7^7 / v r,R - U 



D r . : 



\Vv rR \ lp - 21 + \Vu\\ p - 2 \)dm < — -)• 



as S — > oo. 



□ 
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